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33. 


ON THE REDUCTION OF T WHEN U IS A FUNCTION OF 


THE FOURTH ORDER. 


[From the Cambridge and Dublin Mathematical Journal, vol. 1. (1846), pp. 70—73.] 


Ir is well known that the transformation of this differential expression into a similar 
ene, in which the function in the denominator contains only even powers of the corre- 


sponding variable, is the first step in the process of reducing Í ka to elliptic integrals. 


And, accordingly, the different modes of effecting this have been examined, more or 
less, by most of those who have written on the subject. The simplest supposition, 
that adopted by Legendre, and likewise discussed in some detail by Gudermann, is that 
u is a fraction, the numerator and denominator of which are linear functions of the 
new variable. But the theory of this transformation admits of being developed further 
than it has yet been done, as regards the equation which determines the modulus of 
the elliptic function. This may be effected most easily as follows. 


Suppose \ 
U=a +4bu +6? +4du +eu, 
P=aat +4bæy +6ca*y? +4dey? + eyt. 
Also let 
: P = a'g + 4b’x""y' + 6c'x"*y’? + Adwy + ey" 
be what P becomes after writing 
z=% + py’, 
y=ra+ wy’: 


and let 
U’=a +40 4+6cu? +4d'u? +e'u'4 
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Suppose, moreover, 1 
k =p, —Ap, 
I =ae —4bd +83¢, 
T' =g” —4b'd +30”, 
J =ace —ad? —be —c + 2bed, 
J’ =a de — ad? — b'e? — c° + 2b'c'd ; 
we have evidently 
ady — yda =k (a'dy' — y dæ’), 
ady — yds _ k æ'dy' — yda l 


or 


VP VP’ 
Hence writing 
wat, wat; 
æ x 
and therefore 
ady -ydr _du «dy — y'da' _ du’ 
Feces as PELIR UR 
we obtain 
dup 
fo A 
the equation between u and w being 
pate v i 
A, + mu 


Next, to determine the relations between the coefficients of U and U’. Since P, P 

are obtained from each other by linear transformations (Math. Journal, vol. Iv. p. 208), 
[13, p. 94], we have between the coefficients of these functions and of the transforming 
equations, the relations 

T =% I, 

J=k J : 
whence also 

J” J? 

PIa 
Suppose now 

U' =a’ (1 + pu”) (1 + qu”), 
% b=0, d'=0,. 6c =a (p +q), e =apq; 
whence also 
I = 7a? (P + g+ 1499), 


J’ = stg a" (p +q) (84pq - P- @); 
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p+ @+ lpg = 125.7, 


(p+9) B4pq—pr—g) = 216 J; 


therefore 


(p + 9) (34pq — pP- FY _ 27S? 
(P + g + 14p9q)° gr 


whence also 


108pq (p — q% A 27J? 
(p? + @ +p ~ l 


which determines the relation between p and g. Also 


LA -(£ “hey + Her 
$= 127 ‘ 
so that 
du (PETAEN dw 
yU 127 V{(1 + pu”) (1+ qu) * 


If in particular p =-— 1, writing also — q for q, 


du sh (i= 14q + ny du’ 
vo-\ er) Wa=w) Aqui} ’ 
where 
108g (1—q)t _ Hh a7 J? 
(?? +14¢+1) rere 


Suppose, for shortness, 


eh, + (Es or he (1 7) = aga 


T: 
then (œ + 14q + 1} — 16Mq (q — 1)*= 0, 
: 1 3 1\4 
ile. la tee 14) —16M G L a) ae 
Let -p= aoe , 
(@—1) 

then @— M(@—1)=0, 
which determines 0. And then 

AE i, 6+4(3+ 0) 

it i 
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Suppose g=a is one of the values of q; the equation becomes 


(@+14q+1)) (@+14a+ 1) (B + 146+ + 1) 


ae ee AE saa et VG r aes y GN if a= . 
q@-1y 7 a T Py e A 
; 1- 8y 
Now if q= (E) i 
16 (68 + 1484+ 1) 88 (1 + 8?) 
2 ppp cal aan aA ieee 
which values satisfy the above equation: hence also, identically, 
(B+ 1484+1) 


(¢+14q+1)?-—q(q—1) Bt (Bt— 1)! 


= (9-09 (a-a) fe- (rpa)} fe Ga) ea} fe Ga 


or the values of g take the form 


e g (Gal (Gs) (Ga) (a): 


(Comp. Abel. Guv. tom. 1. p. 310 [Ed. 2, p. 459].) 


The equation @&—M0+M=0 


has its three roots real if 27 — 4M is negative, and only a single real root if 27 — 4M is 
positive. Writing the equation under the form 


(6+3)—9(64+3)4+(27 —M) (643) —(27 —4M) =0, 


we see that in the former case @ has two values greater than — 3, and a single, value 
less than —3. Writing the equation under the form 


(0—1¥+3(0—1¥+(8—M)(0—1)+1=0, (3—M is negative) 


the positive roots are both greater than 1. Hence, in this case, q has four positive 
values and two imaginary ones. In the second case @ has a single real value, which is 
greater than —3 and less than 1. Hence g has two negative values and four imagitiary 
ones. In the former case, J? —27J? is positive, and the function U has either four 
imaginary factors or four real ones. In the second case, J*—27J* is negative, or the 
function U has two real and two imaginary factors. 
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